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Abstract 



The Hubble constant proves to be the pseudo-Finsleroid-Landsberg factor. The 
covariantly conserved pseudo-Finsleroid-gravitational tensor is exphcitly found after eval- 
uating the respective Finsleroid-case curvature tensor and required contractions in atten- 
tive way. The equations arisen involve one parameter g of extension which measures the 
Finslerian deviation of the curvature of the indicatrix of unit vectors. The vector field 
U{x) of the axes of the pseudo-Finsleroids is naturally identified to the field of average 
velocity vectors of matter of the universe. The consistent (and unique) continuation of 
the Robertson- Walker metric, and hence the Friedmann metrics, in the Finslerian domain 
with respect to the parameter g is arisen. The cosmological pressure and energy density 
prove to be linear functions of g"^, so that the presence of the negative pressure seems to 
be not necessary to get the agreement with the observed negative nature of deceleration 
parameter. We clarify the exphcit structure of all the involved tensorial objects. 

Key words: Cosmological equations, energy density, pressure, Finsleroid geometry, rela- 
tivity. 
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1. Introduction 

To pattern the physics of the universe in terms of Finslerian as well as Riemannian 
equations, we are to comply with the observation evidence that to a great extent the 
universe is homogeneous and isotropic. It is well-known that the evidence is perfectly 
matched to the Friedmann-Robertson- Walker metrics formulated against the (pseudo- 
)Riemannian geometrical background (see [1,2]). 

It is amazing, however, that the metrics can straightforwardly be extended to the 
(pseudo-)Finsleroid — geometry framework, strictly preserving both the homogeneity and 
isotropy. The Finsleroid charge g is the parameter of the extension. 

Having had the far-developed Finsleroid geometry at hands, we can follow a new 
and lifted geometric route to search for due extensions of equations of the cosmological 
theory. What might happen if the cosmological value of the parameter g is essential, what 
ii g — 21 The pending answer in general is: the cosmological "puzzles" may occur to be 
not manifestations of some new and exotic matter constituents, but merely implications of 
the Finsleroid-extensions of field equations, — at least contributions from such extensions 
are to be accounted for. 

The nearest and simple consequence of the Finsleroid-case cosmological equations 
is that they may allow for the presence of the negative deceleration parameter without 
assuming the negative pressure. The systematic description of the observed phenomenon 
of the accelerated expansion of the universe can be found in the modern review [2] . 

In the Finslcroid-geometry context, the phenomenon may merely communicate us of 
the presence of the pseudo-Finsleroid charge g. Indeed, whenever the three-dimensional 
space is flat the conventional cosmology theory proposes the pressure 



(normalized by 8nG), where H is the Hubble constant; by gcosm we denote the deceleration 
parameter. The Finsleroid-case pressure 



(see (1.54)) provides us with the extension which involves the square g^ of the pseudo- 
Finsleroid charge. One may conclude that 



If we tentatively put here Q'cosm = —1, we obtain \g\ — 2. Thus, the negative value of 
the deceleration parameter gfcosm may well be compatible with the zero pressure if the 
Finsleroid charge g is not postulated to be zero. 

The energy density of the universe also obtains corrections with respect to the square 



The principal distinction of the Finsleroid geometry (generally, of the Finsler geom- 
etry) from the Riemannian geometry may be seen in the circumstance that the associated 
Finslerian metric tensor gmn{x,y) becomes being dependent on the pair {x,y), — the 
so-called line element, — and hence on the tangent vectors y (which are supported by 
x). Such a dependence is succeeded to the curvature tensor Rnjnj{x,y) and, after that, 
to the concomitant tensors and vectors 





(2-/)g. 



'cosm 



1 + —, whenever p — 0. 



g^ (see (1.56)). 



Pij ^ pij{x,y), p' = p'{x,y) 
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which arise upon extension of their relativistic gravitational precursors. 

On the other hand, the deviation equation (1.30), as well as the geodesic equation 
(1.29), obviously belongs to the Category of Observable Concepts. In these equations, the 
vector y has the meaning of the velocity of a test particle (which does not contribute to 
the local gravitational field). Therefore, the variable y can be given the interpretation of 
the vector of a local observer located at the point x from which the vector y is issued. 
Following this motivation, we should interpret the dependence of {p.^, p*} on y to be 
dependence on the velocity vector of the motion state of a local test-observer. 

At the same time, in the cosmological pattern we have globally the cosmological 
reference frame produced by the field &cosm(^) of average velocity vectors of matter of 
the universe. Geometrically, the pseudo-Finsleroid is a rotund (axial-symmetric) body. 
Denote by i'pseudo-Fmsieroid(^) vector field which is such that at any given point x the 
vector &pseudo-Finsieroid(^) assigus the axis of the pseudo-Finsleroid. It is quite natural to 
apply the identification 

^cosm(^) — ^pseudo-Finsleroid (^) = ^*(^) 

when starting to initiate the Finsleroid-extension of cosmological theory. 
Accordingly, we shall comply with the following principle. 

The Osculation-Correspondence Principle. The x-dependent extensions, 
which are functions of the points x of the underlying manifold, stem from their {x, y)- 
dependent counterparts through the osculation along the fundamental vector field b^{x): 



.h 



y 



b^{x). 



The fields thus appeared are called osculating to their (a;, 7/)-dependent counterparts along 
the vector field b^{x). 

In particular, the field P|^|(,x) '■= p\ ^ ^ (see (1.39)) is osculating to the field p*(a;, y). 
In this equality, the left-hand part is osculating to the right-hand part along the vector 
field b^{x). The equality gij{x,b^{x)) = aij{x) (see (A. 29) in Appendix A) means: the 
associated Riemannian metric tensor aij{x) is osculating to the Finsleroid metric tensor 
gij{x,y) along the vector field b^{x). The following important equality holds: 

9ij{^,y\=o = 9ij{x,b^{x)). 

We can naturally interpret the osculating-cosmological fields as the hydrodynamic 
fields, that is, the fields which describe the universe at the hydrodynamic level of 
comprehension. In this vein, the associated Riemannian metric tensor aij{x) is the 
hydrodynamic-level metric tensor of the universe. The pressure p{x) used above is arisen 
upon the osculating-hydrodynamic method from the general {x, |/)-dependent field (see 
(C.67) in Appendix C), — the same novelty should be said about the energy density p{x) 
(see (C.66) in Appendix C). 

It is a striking fact that the form (1.40) of the continuity equation is not affected by 
the Finsleroid extension (see also Proposition 1.4). 

When pondering upon possibility to extend the cosmology theory in a Finsler way, 
the robust care should exercised that the general-status Finsler geometry (see [3-10]) does 
not provides us with a direct possibility to extend the gravitational field equations. This 
particular circumstance is dramatically at variance with what we have in the framework 
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of the Ricmannian geometry. Indeed, in the latter geometry, the Riemannian curvature 
tensor, — to be denoted by a,i^mn- — produces imiquely the Riemannian Ricci tensor 
tti' jn on contraction. When one uses the last tensor to construct the gravitational field 
tensor E^^^^^^^n = cii^ jn — \o'inO'^^mki One may get the implication from appropriate 
identities obeyed by the curvature tensor ai^mn that the tensor £^^^'^™^j„ is covariantly 
conserved: V jE^^^'^™'^ ^ = 0, where Vj stands for the Riemannian covariant derivative. 
The general-status Finsler geometry does not provide us with a similar lucky implication. 
In the Riemannian geometry, the equality ai' jn = dhnj holds, but in the Finsler geom- 
etry we are faced with Ri^ jn 7^ Rhnj- Moreover, neither the contraction Ri^ jn nor the 
contraction R^inj is symmetric with respect to the indices i, n, so that the Ricci tensor of 
the Riemannian geometry cannot be unambiguously extended to the domain of general 
Finsler geometry. 

However, in the Finsleroid-Landsberg space applied in the present paper we have at 
our disposal the tensor p^j (defined by (1.31)) which is covariantly-conserved (see (1.32)) 
and, therefore, is attractive to be used as a required extension of the gravitational tensor 
^{Riem}.^ The entailed field = p^jy^ (see (1.33) and (1.34)) can naturally be treated 
as the current of energy. 

The Finsleroid-based analysis involves a long chain of calculations, which are simple 
but sometimes tedious. The very method, however, can be explained in simple words. 

Namely, let us start with a positive-definite Riemannian space Rjsf oi the dimension 
A^, referred to local coordinate set {x*}. Denote by the Riemannian metric tensor of 
the space Rj^ and by V„ the associated Riemannian covariant derivative. Assume that a 
covariant vector field bi{x) be given on the space Rn- Set forth the unit length condition 

a^„W = 1, (1.1) 

where 6™ = a"^"bn is the associated contravariant vector field. We want to specify the 
covariant derivative Vn&j in a manner attractive to apply in cosmological consideration. 
Let us choose the possibility 

Vn&m = k^ttmn ~ bmbn), (1.2 

where 

k = k{x) (1.3 
is a scalar. From (1.2) we conclude that the 1-form b — bi{x)dx^ must be closed: 

dibj-dibi^O, (1.4 
where di = d/dx\ From (1.1) and (1.2) it follows that the field b^x) is geodesic: 

6"V„6^ = 0. (1.5 
It is convenient to introduce the projection tensor 

T'mn — ^mn bmbm (1.6 

which fulfills the identities 

^ I mn — ^ I mn — "J- V ' 

In terms of the tensor (1.6) the condition (1.2) reads merely 

^nbm — kfmn- (1-8 
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We shall also use the notation 

kn = dnk (1.9) 

and 

(bk) = b^kn, (1.10) 

together with _ 

kn^dnk + k%n (1-11) 

and ^ _ 

{bk) = b-^kn. (1.12) 

If we introduce in the space TZ^ a b-geodesic coordinate set {-2^}, A = {a, N}, a, b,c,d ■ 
1, ...,N — 1, arisen upon an admissible coordinate transformation = x^z"^) such that 
the vector field 6*(a;) occurs featuring tangent to the 2;^-coordinate line, then it is easy to 
see that with respect to the coordinates {z"^} 

b^ = 1, ba^ 0, qnn = 1, aNa = 0, rNN = 0, rNa = 0, (1-13) 

and the squared Riemannian metric (rfs)^ = amndx'^dx"' is transformed to the sum 

{dsf = {dz^f + rab{z)dz''dz\ (1.14) 

Evoke the factorization condition 

ral,{z^) = {4>{z^)f Pal,{z'). (1.15) 

SO that the tensor Pah{z'^) is assumed to be independent of the coordinate z^ . By rewriting 
the condition (1.8) it terms of the coordinate {z^} it is easy to see that the factor k entering 
(1.8) is obtainable through 

Let us set forth also the condition 

d(t){z^^ 



dz"" 

that is, 



= 0, 



= 0(^^). (1.17) 
Converting this condition to the initial coordinates a;* yields 

kn = {bk)bn, (1.18) 

which entails the representation 

kn = {bk)bn (1.19) 

for the vector (1.11). With postulating (1.15), it is convenient to use the notation 



getting 



k = ^, (1.20) 



-,^k, k + k''^]-^, (1.21) 
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together with 

(bk) = k (1.22) 

and ^ 

(bk) = k + k^. (1.23) 

Thus the following proposition is a truth. 
Proposition 1.1. When in addition to 

0"mnb b =1, Vn^m = kTmni kn = (bk)bn, 

the factorization condition (1.15) is applied, the Riemannian space Rn is of the warped 
type 

{dsf = {dz^'f + {4){z'')f pab{z'')dz''dz\ (1.24) 

Definition. Under the conditions of Proposition 1.1 we say that we deal with the 
special case of the Riemannian space TZn- 

Note. Obviously, the conditions (1-17) and (1-18) are equivalent, so that the special 
case can equivalently be characterized by the condition (1.18) instead of the condition 
(1.17). 

To lift the consideration to the Finsler-geometry level with the aim of specifying an 
appropriate Finslerian metric function K{x,y), where y are tangent vectors, we assume 
that the sought function K{x, y) be of the functional dependence 

K{x,y) = ^^''{g{x)M{x),ai,{x),y), (1.25) 

where g{x) is a scalar playing the role of the Finslerian parameter of extension and $ is 
a scalar which smoothness is to be of at least class (if the class C°° is not reahzed) . 

FINSLEROID PRINCIPLE OF EXTENSION. In each tangent space, the indicatrix 
(^surface of unit-length vectors defined by the function K) is to be of constant curvature. 
The indicatrix is rotund with the vector U = a^^bj being the axial symmetry. The indica- 
trix is closed and everywhere regular and the resultant Finsler space is positive-definite. 

Under these conditions, we call the unit ball bounded by the indicatrix the Finsleroid. 
For the curvature TZ of the indicatrix, the value 

^Finsleroid Indicatrix — 1 ^ (-^■^^) 

is obtained. Thereby the metric function K together with the entailed ^jFj'^-space (the 
meaning of the upperscripts PD reads "positive-definite") is completely and uniquely 
determined (see the formulas (A.1)-(A.16) in Appendix A). Notice that the curvature 
value (1.26) is independent of neither the tensor aij{x) nor the field bi{x). 

The continuation parameter g is dimensionless, being of pure-geometrical meaning. 

CRUCIAL DEFINITION. The JTJTf ^-space subjected to the conditions V„6^ = 



9 

krm.n and 



g = const (1-27) 
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is called the Finsleroid-Landsberg space. The scalar k is called the Finsleroid-Landsberg 
factor. 

In any Finsler space (see the books [3-5]), the geodesic equations are defined in the 
unique way by the help of the so-called spray coefficients 

G' ■.^Ymn{x,y)y^y^ (1.28) 

with Ymn standing for the Finslerian Christoffel symbols constructed from the Finsleroid- 
Finsler metric function K. The geodesic equations read 

|| + G-(.,.)^0, (1.29) 

where da — y^\gmn(x, dx)dx'^dx"\ is the Finslerian arc-length. 
The geodesic deviation equation reads 

K^T)^ dx^ 

'-£^ + R^^{x,y)rj- = 0, / = (1-30) 

The deviation tensor Rn{x,y) thus appeared entails the full curvature tensor Rnmj{x,y) 
upon applying appropriate differentiation with respect to the variable y (see (A.59)-(A.61) 
in Appendix A). 

The known fact (indicated in [11-14]) is that in the Finsleroid-Landsberg space the 
tensor 

1 m m 1 mn 

Pij ■ — 2^"^* jj^) '2^9ij-^ nm (-^'^l) 

is covariantly conserved: 

p'j\i = 0. (1.32) 



The covariant derivative \i is constructed according to the known Finslerian rule (see 
(A.68)-(A.70) in Appendix A). 

Let us construct by means of contraction the produced current 

p' -^p'jy'. (1-33) 

Since yj^ = in any Finsler space, from (1.32) it issues that the following proposition is 
valid. 

Proposition 1.2. In the Finsleroid-Landsberg space the current is covariantly 
conserved: 

pj, ^ 0. (1.34) 

Definition. The jFjF^-^-space is said to be of the isotropic case if the conditions 
claimed in Proposition 1.1 are fulfilled and the tensor pab entered the metric (1.24) is 
such that the Riemannian curvature tensor evaluated from the tensor corresponds to the 
constant-curvature case (that is, the representations (C.32)-(C.34) of Appendix C hold). 

The current can be expanded with respect to the basis {U, y^} 



p' = ci{x,y)U + C2{x,y)y' 



(1.35) 
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(the coefficients ci, 02 can be found from the formula (C.61) of Appendix C) or, alterna- 
tively, with respect to the basis {y*, A*} 

p^ = ni(x,?/y + n2(x,?/K (1-36) 

(the coefficients ni,n2 can be found from the formula (C.58) of Appendix C), where A* 
is the contraction of the Cartan tensor of the Finsler geometry (see (A.34)-(A.38) in 
Appendix A). 

In the dimension 

from (C.68) we may conclude that the quantity 

p ■.= -r (1.37) 

equals 

p = - x+ (^l-^^k^ + {2 + g''){bk) (1.38) 
(the equality (C.44) has been used), and with the definition 

of the Finsleroid-extension of the current from (C.70) and (C.71) we obtain 

V^,} = -3kp. (1.40) 

In the space-time context proper, wc take the dimension N = 4 and apply the 
pseudo-Finsleroid space. A close inspection shows that we may straightforwardly perform 
the convertation 

K^F (1.41) 

of the positive-definite Finsleroid metric function K into the relativistic-case pseudo- 
Finsleroid metric function, to be denoted by F, by applying the formal change 

9 ^ (1-42) 

(where i is the imaginary unity), taking the associated metric tensor a^„(x) to be of the 
pseudo-Riemannian type 

amn{x) = hm{x)hn{x) - rmn{x) (1-43) 

with the condition of positive-definiteness 

rmn?/"*?/">0 and rank(r^J = - 1 (1.44) 

(we always assume y ^ Q). The covariant vector field hi{x) is to be taken time-like and 
the unit condition (1.1) persists. The indicatrix curvature value (1.26) is replaced by 

^pseudo-Finsleroid Indicatrix \ ^ ^ 4" / ("^'4^) 

The respective scalar g{x) will be called the pseudo-Finsleroid charge. Similarly to (1.25), 
the pseudo-Finsleroid metric function F is of the functional structure 



8 



F{x,y) ^ ^^''(^gix),k{x),aij{x),yy (1.46) 

We denote the resultant space by the J='T^^ -space (with the upperscripts SR meaning 
"special-relativistic" ) . The Landsberg condition preserves its form (1.8). With the Lands- 
berg condition assumed to hold, we call the ^^^^-space the pseudo-Finsleroid-Landsberg 
space and call the scalar k the pseudo-Finsleroid-Landsberg factor. 

In the cosmological application, the vector field b^{x) — a^^ (x)bj{x) of the pseudo- 
Finsleroid axes is naturally identified with the field of average velocity vectors of matter 
of the universe, thereby the field U{x) represents the co-moving reference frame of the 
universe. Under these conditions, we call the covariantly conserved tensor p^j given by 
(1.32) the Finsleroid-gravitational tensor and the vector field obtained in the way (1.33) 
the current of energy of the universe. 

In such a relativistic-cosmological physical case, we are to make in the warped-metric 
representation (1.24) the change 

^t, 4>^L, (1.47) 

with t meaning the cosmological time, and with 

L = L(t) (1.48) 

getting the sense of the cosmological scale factor. Accordingly, the equalities (1.21) change 
to 

Y^k, k + k'^ = ]rL, (1.49) 
SO that the k acquires the meaning of the Hubble constant Also, 

{bk) = k + k' = -^, (1.50) 



where Q'cosm niakes sense of the cosmological deceleration parameter. In the isotropic case 
we have 

x=-^xi, xi = -1,0,1 (1.51) 

(see (C.32)-(C.34) in Appendix C). 

Under these circumstances, the metric (1.24) changes to read 

{dsf = {dtf - {L{t)Ypab{z'')dz''dz\ (1.52) 
Thus we are arriving at 

Proposition 1.3. The Finsleroid-Landsberg space thus arisen is the (unique) con- 
tinuation of the Robertson- Walker metric in the Finslerian domain. It is the Hubble 
constant H that plays the role of the pseudo-Finsleroid — Landsberg factor k: 

H^k. (1.53) 



Since the cosmological Priedmann metrics are particular cases of the Robertson- 
Walker metric, we also obtain due pseudo-Finsleroid-Landsberg continuations of the 
metrics. 
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In this way we arrive at the Finsleroid hydrodynamic pressure 

P = - (^1 - 2gcosm + J + g^cosm^ - X (1.54) 

(from (1.38)), and the Finsleroid energy current 

p' = ph' (1.55) 
together with the Finsleroid energy density 

p = z(^ + ^ H'^ + 2,>i (1.56) 

(the formulas (C,64) and (C.66) of Appendix C have been used). From (1.40) we get the 
continuity equation 

ViP' = -ZHp. (1.57) 

Applying (A. 109) and noting 

dt 

together with 

Vib' = 3k (1.58) 

(consider the Landsberg-case condition (1.2) at = 4), we may write the equation (1.57) 
in the form 

^ + 3Hp = -3Hp. (1.59) 

We can also write this as 

^ = -3pL^ (1.60) 

which is precisely of the form characteristic of the respective Friedmann-case equation. 
The Finsleroid charge g does not enter the last equation. 
Thus we are entitled to formulate 



Proposition 1.4. The Finsleroid-Landsberg extension of the Friedmann metrics 
does not change the conventional equation which describes the energy density of the uni- 
verse. When the pressure vanishes, that is p — 0, we obtain from (1.60) the well-known 
Friedmann-case law 

P - Jz- (1-61) 



NOTE. In the conventional cosmology theory, the pressure is 

PPriedmann = " (l " 2gcosm) H'^ — >i- (1-62) 

The Finsleroid-casc pressure p given by (1-54) extends this version (1.62) by the terms 
which involve the square of the pscudo-Finsleroid charge, namely g^. 
Whenever the three-dimensional space is flat: 

x-0, (1.63) 
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from (1.56) we may conclude the validity of the law 

Finsleroid-density of energy 9^ _ ^ 

7T"^ 1 1 7 1 ~l T — '^pseudo-Finsleroid Indicatrix (-^"^ ) 

triedmann-density of energy 4 
and the pressure (1-54) becomes such that 

Finsleroid pressure ^gcosm + ^ + 9 5cosm 



Friedmann pressure 1 — 2gcosm 

When the special-case conditions (C.1)-(C.12) and the isotropy conditions (C.32)- 
(C.34), - set forth in Appendix C, - are fulfilled, the tensor p**^ can be evaluated in the 
form of the expansion with respect to the basis {g^^, A\y''} 

or with respect to the basis {a*'^, b\y^} 

p'^ = E^a'^ + E^h'h^ + E^Yh'y^ + E^z^^y' + E^y'yK (1.67) 

The involved coefficients Ei, E2, E^y, E^z, E4 depend not only on point x but also on 
tangent vectors y supported by the x. The explicit form of the coefficients can be found 
in Appendix D. Unless g — 0, the non-symmetry 

EsY ^ E^z, Y{y^ ^ (1.68) 

entailing 

Pij ^ Pji (1-69) 

takes place. The skew part 

pik _ pik 

is explicitly evaluated in Appendix E. 

The coefficients E^^, E^z, and E4 are proportional to the Finsleroid parameter g: 

E^Y^gny, Esz^gTsz, E^^gT^ (1.70) 

(see (D.40), (D.42), and (D.45)). They disappear, therefore, in the Riemannian limit: 

{E3Y)\g=0 = {E3z)\g=0 = {E4)\g=0 = 0. (1.71) 

We also have 

{E^)^,=o^V (1.72) 

(from (D.35) and (D.23)) and 

(£^2)|,=o = -(iV-2)(e+(6^)), e = {bk)^k + e (1.73) 

(from (D.36) and (D.27)). 

The term Agij with the cosmological constant A can also be added to the tensor pij 
not destroying the validity of the law of the covariant-divergence conservation. 
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Appendix A: Initial knowledge of the ^^J'^— objects 

Let TZn = {M, ttmn} be a Riemannian space, where M is an iV-dimensional manifold 
and amn is a positive-definite Riemannian metric tensor. We introduce on M a scalar 
field g — g{x) subject to ranging 

- 2 < g{x) < 2, (A.l) 

and apply the convenient notation 



h^\ll-\g^ G^l- (A.2) 



The characteristic quadratic form 



1 



B{x, y) := h' + gqb + q' = - [{b + g+q)' + {b + g.qY^ > 0, (A.3) 

where g+ — ^g + h and g- — ^g — h, is oi the negative discriminant 

D{B} = -4:h^ < (A.4) 

and, therefore, is positively definite. In the limit — > 0, the definition (A.3) degenerates 
to the quadratic form of the input Riemannian metric tensor: 

5L=o = «mnrt". (A.5) 

Definition. The scalar function K(x,y) given by the formulas 

K{x, y) = ^jB{x,y) J{x, y) (A.6) 



and 
where 

and 

with 



J(a;,2/) =e-5G(^)/(=>^'^), (A.7) 
G L 

f — — arctan — + arctan — , if 6 > 0, (A. 8) 

G L 

/ = TT — arctan h arctan — , if 6 < 0, (A. 9) 

2 hu 

L^q+h, (A.IO) 



is called the Finsleroid-Finsler metric function. 

The function K has been normalized such that 

< / < TT, 



/ = 0, if q = and 6 > 0; / = tt, if g = and 6 < 0, 
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and the Finsleroid length of the vector is equal to 1: 

K{x,b\x)) = l, (A.ll) 

or 

1 1^1 1 Finsleroid = 1- 

Sometimes it is convenient to use also the function 

A^b+^q. (A.12) 

The identities 

L^ + h%''^B, A' + hY^B (A.13) 

are valid. 

The zero-vector y = is excluded from consideration. The positive (not absolute) 
homogeneity holds: 

K{x,Xy)^XK{x,y), A > 0, Vx, Vy. 

Definition. The arisen space 

^^f^ := {7^A^; b,{x); g{x); K{x,y)} (A.14) 

is called the Finsleroid-Finsler space. 

Definition. The space TZn entering the above definition is called the associated 
Riemannian space. 

Definition. Within any tangent space T^M, the Finsleroid-metric function K[x, y) 
produces the Finsleroid 

J^^gy {y e J^^gy : y G T^M, K{x, y) < 1}. (A.15) 

Definition. The Finsleroid Indicatrix Iggy G T^M is the boundary of the 
Finsleroid: 

I^} {y e ^fw : y e r.M, K{x, y) = 1}. (A.16) 

Since at = the jTjT^^-space is Riemannian, then the body J-^^^^^y is a unit ball 
and /^i^i is a unit sphere. 

Definition. The scalar g[x) is called the Finsleroid charge. The 1-form b — bi{x)y^ 
is called the Finsleroid-axis 1-form. 

Under these conditions, we can explicitly calculate from the function K the distin- 
guished Finslerian tensors, and first of all the covariant tangent vector y = {yi}, the 
Finslerian metric tensor {gij} together with the contravariant tensor {g^^} defined by the 
reciprocity conditions gijg^'^ — 5^, and the angular metric tensor {hij}, by making use of 
the following conventional Finslerian rules in succession: 

_idK^ _ 1 d'K^ _ dm u _ _ ± Mi7^ 

yi-2dyi' -~ 2 dy^dyi ~ dyi' '^'^ - V^y^ K"^' ^^■^'> 

It is convenient to use the variables 

-.^y'-bU, Vm ■= Um - bbm ^ rmny"^ = TmnV'' = ttmnV"' , (A.18) 



where r^n = o^n — bmbn is the projection tensor (1.6). Notice that 



' n • — " ' mn — " n " "n — 



(cf. (1.7)), and 
together with 



Vib' = v% = 0, r-ijV = r'jV = h^j = 



db__ dq__'iH d{h/q) _ 2B 



where Ai is the vector defined below in (A. 34). 

In terms of the variables (A. 18) we obtain the representations 



Vi^ (vi + (b + gq)bi^—, 



9ij 



aij + 



9_ 
B 



V'V ' \ 

q{b + gq)bibj + q{biVj + bjVi) - b-^j 



and the reciprocal components {g^^) = {gij) ^ read 



a^j + ^(fcftV - b'y^ - Vy') + ^{b + gq)yy 
q Bq 



K 
~B 



B 



or 



+ ^ i-bqb'V - q{Uv^ + Vv') + (6 + gq) 
B \ 

It is a useful exercise to verify that 
We have also 



and 



gi3{x,y)\g^^^aij{x) 
gij{x,b"-{x)) = aij{x), 



together with 



yib' = (6 + gq) 



gijV^ = {S'^Vi + gq%) 



52 ' 



. . NB + gq^ ■ , . 



K"^' B ' 
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The determinant of the metric tensor is everywhere positive: 



det(ft.) = f -g ) det(a,,) > 0. (A.33) 



From the last expression we can exphcate the vector 



ain [^Jdei{gmn)) 

obtaining 



A := K^^^ ^, (A.34) 



NK 1 h 

^i-^9-ib^-^y^), (A.35) 

or 

A = ^9-^iq%-bvi). (A.36) 

Raising the index according to the general rule (namely — g'^^Aj) yields 

= \Bb' -{b + gq)y'] , (A.37) 



or 



We have 



so that 



2qK 

A' = ^g^ [q'b' - (6 + gqy] . (A.38) 

N K ■ N I 

Aib' = -gq^, A% = -gq-, (A.39) 

A,A^ = —g\ (A.40) 
After that, we can elucidate the algebraic structure of the associated Cartan tensor 



^ :^ (A.41) 



which leads to the following simple and remarkable result: the Cartan tensor associated 
with the Finsleroid-Finsler metric function K is of the following special algebraic form: 

Aijk = (hijAk + KkAj + hjkAi - -^^AiAjA^ . (A.42) 



Since 



when ^ 



q 

(notice (A. 18)) the components gij and g^^ given by (A. 24) and (A. 25) are smooth on 
all the slit tangent bundle TM\0. However, the components of the Cartan tensor are 
singular at = 0, as this is apparent from the above formulas (A.35)-(A.36) in which 
the pole singularity takes place at 5 = 0. Therefore, on the slit tangent bundle TM\0 the 
J^J^g^ -space is smooth of the class and not of the class C^. 

We use the Riemannian metric tensor a^- of the associated Riemannian space to 
construct the Riemannian Christoffel symbols 

a^ij := ^a'"'(9ja„j + dia^j - d^aji) (A.43) 
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{dj — d/dx^) which give rise to the Riemannian curvature tensor 

i (^Oj nm da, nk . u i u i f \ aa\ 

km — Qx^ ^ 'nm^^ uk 0, nk^t um (^i\.44j 

and the Riemannian covariant derivative 

Wibj := dibj - hkol'ij (A.45) 

of the involved vector field bi{x). The vanishing 

VWibj = (A.46) 

(the vector hj is of the unit Riemannian length according to (1.1)) nullifies many terms 
which appear while performing various calculations. 

According to the conclusions drawn in the previous work [11-12], the equality 

Vihj = kuj (A.47) 

is characteristic of the property that the Finsleroid space be of the Landsberg type. We 
call the k thus appeared the Finsleroid-Landsberg factor. 
Prom (A.47) we get the commutator 

(VtoV„ — ^n^m)bk = kfjiicink ~ bnbk) — kn[amk ~ bjnbk) = k^Tnk ~ ^nf^^mki 

SO that _ _ 

bjCln'^ km — ^k'^nm ~l~ ^m'^nk (A. 48) 

is valid with the vector 

kn=^ + k%n. (A.49) 

In turn, from (A. 48) it follows that 

{Vibj)an^km + bjVian^m = -{^ikk)rnm + kkV i{bnbm) + ikmYnk - km'^iibnbk). 

We get 

bj^ ittn km — kVija^ km 

ikk)rnm ~l~ kkkibn^im ~\~ bm'^in) ~\~ ikm)^nk kkmibn Tik + bkTin). 

Applying here the cyclic identity yields 

— kVijan km ~ i^kj^nm + kkkiprifim + ^m^n) + ikm)fnk ~ kkmiprifik + bkTin) 



-krkjttn mi kkm)fni + kkmi^nfki + birkn) + kkijTnm kkiipnTkm + bmfkn) 



'kVmjO'ri ik mki)Tnk'^kki{bn'f'mk'^bkTrnn)'^{^ mkk)'f'ni kkkibnTmi'^'biTmn) — 0, (A. 50) 
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which makes us conclude that the framework developed must be compatible with the 
identity _ _ _ _ 

Vm,/Cfc — V/fc/Cm, + k(^kkbm — kmbk) = 0. (A. 51) 

It is immediately seen that special case, as given by the warped representation (1.24) of 
the square {dsY, does obey the identity (A. 51). 

One considers the Finslerian Christoffel symbols 

7%- :=/"7m,- (A.52) 
with ^ 

7mj ^^djQni + diQnj - dnQji) (A.53) 

and construct the induced spray coefficients 

G' = I'ijvV. {AM) 
The second-degree positive homogeneity 

G''{x, Xy) = X^G'^ix, y), A > 0, Vx, Vy, (A.55) 
is valid. With these coefficients, we obtain the coefficients 

ri . _^G' ^ ^ _d&km (AKfi\ 

~ ■ ~ ^^'^^ ■ ~ Qyu ' [^■^'0) 

and 

— ' ^ k — ki ^ km — ^rai ^ kmn — {A. 01 ) 

The homogeneity (A.55) entails the identities 

2G^ = G\y\ G\ = G\ray'^, G\rany^ = 0. (A.58) 

The pair {x,y), — the so-called line element, — is the argument of the Finslerian 
objects. 

To evaluate the curvature tensor i?*^, we use the well-known formula 

K^R^ 2^ - - + (A.59) 

dx^ dy^ dy^ dxWy^ dy^dy^ 

(which is tantamount to the definition (3.8.7) on p. 66 of the book [5]; = ^YnmU^y^, 
with the Finslerian Christoffel symbols 7'nm) ■ The concomitant tensors 



1 / d{K^R'k) d{K^R' 
3K\ dy^ d]/ 



and 



arise. 

The cychc identity 

Rj'kl\t + Rj^l^k + Rj^tm = P/kuR^lt + P/luR^tk + P/tuR^kl (A. 62) 
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(the formula (3.5.3) on p. 58 of the book [5]) is vahd in any Finsler space. If we contract 
the identity by g^^S^i, we get: 

g^^(^Rj\i\t + R/it\i + Rj\i\i^ = P^\uR^it + P^\uR^ti + P^^tuR^ii- (A. 63) 

Under the Landsbcrg condition, the tensor Piju is symmetric in all of its four indices and, 
therefore, the identity (A. 63) reduces to merely 

g^' (R,\i\t + R,\t\. + = (A.64) 

{\i stands for the Finslerian covariant derivative), which can be formulated as follows. 
Proposition Al. In any Landsberg case of a Finsler space, the tensor 

Pij • "^^Ri iTij ~l~ R ijm) l^dijR nm (A. 65) 

is covariantly conserved: 

p'^\, = 0. (A.66) 



It is obvious that the tensor pij, as well as the curvature tensor Rnkm, is positively 
homogeneous of the degree zero with respect to the vectors y: 

Pij{x,\y) = pij{x,y), A > 0, Vx, Vy. (A.67) 

The explicit representation of the curvature tensor Rnkm. of the Finsleroid- 
Landsberg-case space J-'J-'g^ will be evaluated in detail in Appendix B. 

On the basis of the above coefficients (A.56)-(A.58), the Finslerian connection coef- 
ficients T'^ij = T''ij{x,y) are constructed according to the well-known conventional rule: 

rfe _,fe /^n k r^n rt k i r^knrt I A cq\ 

ij — 1 ij ~ ^ i^n 3 ~ ^ j^n i "r ^ ^nij (^A.DOJ 

with 

G\ = rijV' - 2G"^Cm\ = T\^y' = (A.69) 

and 

= 7"^.,1/>^' = G^w' = r"\jyy = G^, (A.70) 

where Cnij = AnijK~^ and Cn^j = An^jK~^. By the help of these coefficients the 
h- covariant derivatives of tensors are constructed as exemplified by 



:=a,p,-G^-^-rV,, (A.71) 



pj, :=9,y-G^-^ + rV', (A.72) 
p\\j '■= djp\-G"'j-^-^ + r\jp"^k-^ kjP\: (A.73) 
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and 



n — r) n — ^Qmn _ p/i _ _ „ ( \ 7/I \ 

ymn\j — '-'jymn ^ j Qyh mjyhn ^ njymhj V ' / 

where again dj = d/dxK The coefficients (A. 68) are symmetric: 

= r^,. (A.75) 

The importance of the covariant derivative \j thus introduced is the property that the 
derivative is metric, that is we have the following identical vanishing: 

ii'l, = 0, yi,. = 0, % = 0, (A.76) 

and 

gmn\3 = 0. (A.77) 

The inverse imphcation can readily be made, namely the conditions (A.75)-(A.77) entail 
uniquely the coefficients (A.68)-(A.70). We apply the above covariant derivative \i in 
the Finsleroid approach developed. The derivative \i extends the Riemannian covariant 
derivative, such that 

(l^)|,=o = V» and (r%)|^^„ = a\. (A.78) 

If we apply the derivative definition (A. 71) to the vector field 6i (x), and the definition 
(A. 72) to the vector field 6'(a;), then, because the fields are independent of y, we obtain 
merely 

hi\^ -.^d^hi-V^i^hm (A.79) 

and 

6;^. -.^djU + r^^ir. (A.80) 

Therefore, 

(the formula (A. 69) has been used), or 

= V,-6 - (g- - a- fez/'^) 6^. (A.81) 

If we apply the formulas (B.18) and (B.6) of Appendix B, we just conclude that the 
last term in the right-hand part of the last equality (A.81) vanishes, so that the following 
proposition is valid. 

Proposition A2. In any Landsberg case of the J-'J-'^^ -space, the covariant deriva- 
tives of the 1-form b = bi{x)y^ with respect to the Finsler connection and with respect to 
the associated Riemannian connection are equal to one another. 

b\j = Vjb. (A.82) 



Since 



(see (1.8)), we have 



b\j = y"Vj6n = kvj 



(A.83) 
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Considering the associated Riemannian metric function 



S = (A.84) 
we have {S^)ij = -2gqVjh (use (B.20)), that is, 

{S\ = -2kgqvj. (A.85) 

Thus, the following proposition is valid. 

Proposition A3. In any Landsberg case of the J^Tg^ space, the covariant deriva- 
tives of the square of the associated Riemannian metric function with respect to the Finsler 
connection is given by (A.85). 

Taking into account 

^2 ^ g2 ^ b'', (A.86) 

from (A. 83) and (A.85) we may conclude that 

q\k^-^ib + gq)Vkb. (A.87) 

Next, we get 

{bq)\k = ^[?' - Kb + 9q)]^kb, {q/b\k = '^^kb, {b/q)\k = ^Vfe6, (A.88) 

and 

J\n = ^J^nb, = -—Vnb. (A.89) 
2q Q 

This leads to 

Kb^kl'^ - kq^ X^kl" - ^b^kl" (A.90) 

(where A = b/q), and 

SS^kl' = -gqbikl\ qikl" -~ib + gq)b\kl\ (A.91) 

{bq)\kl'' b{b + gq)] b\kl\ B^^l' = - y&lfc^', (A.92) 

where l'^ = y'^/K is the unit tangent vector. 
From (A. 80) it ensues that 



=V,6^ + A^^,6- (A.93) 

\yh-f,h 

with the osculating deflection coefficients 

A'mj = A'^,{x) = rmj{x, b{x)) - a'mj{x), {AM) 
where a'^mj{x) are the Riemannian Christoffel symbols given by (A. 43). 
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field 



Let us take the derivative (A. 72) over the field — b^{x). Introducing the osculating 



(A.95) 



(A.96) 



from (A.72), (A.93), and (A.95) it follows that 

In the Landsberg case of the space TTg^ under consideration, we have 
(see (1.8)) and 

A'kjb^ = 

(see (B.6) and (B.20) in Appendix B). If also is positively homogeneous of the degree 
one with respect to the vectors y: 



(A.97) 



(A.9^ 



p'{x,Xy) = Xp'{x,y), A > 0, Vx, Vy, 



then the identity 
holds, entailing 



Qyk 



p 



Under these conditions, the representation (A.96) reduces to the equality 



\yh-f;h 

which can also be written as 



^jP{b} - k 



9p\ . ^ 



+ ^\jp{b}: 



yh-l,h 



^jP{b} - k 



Contracting here the indices yields 



yh—i,h 



^ip{b} - k 



'd{pyb) 



'd{p'/b) 
dy' 



kjP{b}- 



\yh-i,h 



+ ^\ip\by 



\yh—\,h 



In the particular case when the field p^^^^ is a factor of 6*, that is when 

P\b} = l{b}b\ =7{j,}(a;), 
the vanishing (A. 98) suppresses the last term in (A. 102), giving 

'd(p-ib) 



iP{b} 



-k 



dy' 



\yh-i,h 



(A.99) 
(A.lOO) 
(A.lOl) 



(A.102) 



(A.103) 



(A.104) 



(A.105) 



(A.106) 
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Thus we have 

Proposition A4. With the conditions (A.97)-(A.105) fulfilled, the Finsler- 
covariant conservation law 

Pii = (A.107) 

entails the Riemannian-divergence law 

osculating along the fundamental vector field b^{x). 

Notice that with (A. 97) and (A. 105) we can obtain the equahty 

Vip\,y = b'daib} + (N- 1)A;7{5}. (A.109) 

Similar procedure of projecting on the vector field b^{x) can be addressed to the 
conservation law of the form p*j|j = 0. 

In terms of the 6-geodesic coordinates {z"^}, evaluation of the components of the 
Christoffel symbols (A. 43) on the basis of the warped metric function (1.14) yields the 
following hst: 

s%iv = 0, s«iviv = 0, Aiv = 0, (A.llO) 

The equahties In — ^ and ba — entail 

(V6)iviv = 0, (A.112) 

(V6)Ara = 0, (A.113) 



and 



{Vb)aN = 0, (A.114) 
(V6)a. = (A.115) 

When we apply the factorization 

Tabiz^) = {<P{z^)Ypab{z'), (A.116) 

SO that 

((is)2 = {dz^Y + {cj){z'^)Ypabiz')dz''dz'', (A.117) 

we obtain 

^-k<l> (A.118) 

and (A.115) reduces to 

{Vb)ab = krab. (A.119) 
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The positive-definite jFjFj'^-space described possesses the indefinite (relativistic) 
version, to be denoted as the jFjF^-^-space (with the upperscripts "SR" meaning "special- 
relativistic" ) . The transition from the first space to the second space impiies the formai 
change 

of the Finsleroid parameter where i stands for the imaginary unity. The under fined 
space TZn — {M, a^„} is now taken to be pseudo-Riemannian, such that the input metric 
tensor {a^ni^)} is to be pseudo-Riemannian with the time-space signature: 

sign(a„„) = (+--...)• (A.120) 

Generafizing accordingly the pseudo-Riemannian geometry in a pseudo-Finsleroid 
Finslerian way, we are to adapt the consideration to the following decomposition of the 
tangent bundle TM: 

^M = 5+uE+u7^gUE^ UcS^", (A.121) 

which sectors relate to the cases that the tangent vectors y e TM are, respectively, 
time-like, upper-cone isotropic, space-like, lower-cone isotropic, or past-like. The sectors 
are defined according to the following list: 

S+ - e 5; : ye T,M, b{x,y) > -g_{x)q{x,y)) , (A.122) 

E+ = (y e E+ : ye T.M, h{x,y) = -g.{x)q{x,y)), (A.123) 

7^+ = (y e 7^+ : ye T,M, -g_{x)q{x,y) > b{x,y) > o), (A.124) 

= (y e 7^° : ye T,M, b{x, y) = o) , (A.125) 

n-^(yen-: ye T.M, > h{x, y) > -g+{x)q{x, y)) , (A.126) 

E; = (y e E; : ye T,M, h{x, y) = -g+{x)q{x, y)) , (A.127) 

S- =(yeS-: ye T,M, h{x,y) < -g+{x)q{x,y)), (A.128) 

7^g = 7e+ u 7^; u n^. (A.129) 

We use the convenient notation 



9 u I. , 1 2 



G = h=^l + -g' (A.130) 

(instead of (A. 2)), 

9+ = -^9 + h, g- = -^g-h, (A.131) 
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1 _ 1 

= — = ^ = — = -9+, (A.133) 

^+ = ^(7 + h, 9~ = \g- h, (A.134) 

G-^'-^Ig-1. (A.135) 

The following identities hold 

9+ + 9-^ -9, 9+ -9-^ 2/i, (A.136) 

9^ + 9'^ 9, 9'^-9~^'2h, (A.137) 

^+^_ = -1, g+g- = -1, (A.138) 
together with the g -symmetry 

g+ <S=^ g^ <S=^ , G+ <S=^ <S=^ -G . (A.139) 

It is implied that g — g{x) is a scalar on the underlying manifold M. All the range 

- 00 < g{x) < 00 (A. 140) 

(instead of (A.l)) is now admissible. We also assume that the manifold M admits a 
1-form b = b{x, y) which is timelike in terms of the pseudo-Riemannian metric S, such 
that the pseudo-Riemannian length of the involved vector 6j be equal to 1. With respect 
to natural local coordinates in the space TZ^ we have the local representations 

b = k{x)y\ (A.141) 



J\aij{x)ty^, (A.142) 



Q = \/\rij{x)y'y^, (A.143) 
rij{x) = bi{x)bj{x) - aij{x), (A. 144) 

a'^bibj = 1, (A.145) 



S^ = b^- q\ 



(A.146) 
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b% = 0, (A.147) 

where 

b' -.^aHk (A.148) 

(compare with (A.18)-(A.21)). 

The pseudo-Finsleroid characteristic quadratic form 

B{x, y) := 6^ _ gqh -q^ = {h + g+q){b + g_q) (A.149) 

is now of the positive discriminant 

D{B} = 4/i^ > (A.150) 

(compare these formulas with (A. 3) and (A. 4)). 
In terms of these concepts, we propose 

Definition. The scalar function F{x,y) given by the formula 

F{x,y) := y/\B{x,y)\J{x,y) = |6 + + (A.151) 

where 



b + g-q 



G/4 

I I —I— II II 

J{x,y) 

b + g+q 

is called the pseudo-Finsleroid-Finsler metric function. 



(A.152) 



Again, the zero-vector y = is excluded from consideration: 

y^O. (A.153) 

The normalization of the above function F is compatible with fulfilling the unit 
property 

F{x,b'{x))^l (A.154) 

(similarly to (A. 11)). 

The positive (not absolute) homogeneity holds: 

F{x,Xy) = XF{x,y), A > 0, Vx, Vy. (A.155) 

The functions 

L{x,y)=q-^b (A.156) 

and 

A{x,y) = b-^q (A.157) 

are now to be used instead of (A. 10) and (A. 12), so that (A. 13) changes to read 

- eb'' ^B, A"- hy = B. (A.158) 

Similarly to (A. 14), we introduce 
Definition. The arisen space 

J^J^f^ :- {7^^^; b{x,y)- g{x)- F{x,y)} (A.159) 

is called the pseudo-Finsleroid-Finsler space. 
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The upperscript "SR" emphasizes the Specially Relativistic character of the space 
under study. 

Definition. The space TZn — {M, S) entering the above definition is called the 

associated pseudo-Riemannian space. 

Definition. The scalar g{x) is called the pseudo-Finsleroid charge. The 1-form h is 
called the pseudo-Finsleroid-axis 1-form. 

It can be verified that the Finslerian metric tensor constructed from the function F 
given by (A. 151) does inherit from the tensor {aij{x)} the time-space signature (A. 120): 

sign(^,,) = (+--...). (A.160) 

The structure (A. 42) for the Cartan tensor remains valid in the pseudo-Finsleroid 
case, now with 

AhA'' = -— / (A.161) 

(compare with (A.40)). Elucidating the structure of the respective indicatrix curvature 
tensor (2.29) of the J^J^^^ -space again results in the conclusion that the indicatrix cur- 
vature value T^pseudo-Finsleroid Indicatrix iS 

^pseudo-Finsleroid Indicatrix ~ ~ 4^^^ ~ (A. 162) 

SO that 

7? 1^ 7? _ _i 

''^pseudo-Finsleroid Indicatrix '' ''^pseudo-Euclidean Sphere — -•- ■ 

The pseudo-Finsleroid indicatrix is a space of constant negative curvature. 
Again, it is convenient to use the variables 

:= - bb\ Vm := Um - bbm = r^nZ/" = TmnV"' = amnv"', (A. 163) 

where 

Tmn = amn " ^m^n (A. 164) 

is the projection tensor. We obtain the identities 

r\ := a'"'rmn = 5\ - 6*6, = (A.165) 

and 

v-b' = v% = 0, njV = r'jV = hr'j = 0. (A.166) 
It is useful to apply the notation 



q = Vw^. (A.167) 

From the pseudo-Finsleroid-Finsler metric function (A. 151) we straightforwardly evaluate 
the explicit representations 

/ \F^ 

Vi = [vi +{b- gq)bi) — (A.168) 

and 

- F2 



9ij 



aij + ;^(~^(^ + 9<l)bibj - q{biVj + bjVi) - 



^ ■ (A.169) 



26 



Through the reciprocity (g^^) — (gij) ^, we arrive at the representations 



q Bq 



B 
F2 



and 
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a'^ + ^ (hqW + q{Uv^ + Vv') + (6 - gq)^) 
B \ q ' 



B 
F2' 



It is obvious that 



(A.170) 

(A.171) 
(A.172) 

^,,(x,6"(x))=a,,(x). (A.173) 

We observe the phenomenon that the representations (A.168)-(A.171) are directly 
obtainable from the positive-definite case representations (A.23)-(A.26) through the for- 
mal change: 

(A.174) 



and 



PD ^ SR . 
9 ^ W 



and 



PD ^ SR . 
q ^ iq, 



where i stands for the imaginary unity. Therefore, we may apply the rules 

PD SR 



g_ PD -*^ SR 9_ 
q q 



9q 



9q- 



(A.175) 



(A.176) 



It is the useful exercise to verify that if we apply these rules to the expression (A. 151) 
of the relativistic function F, we obtain the positive-definite case function K defined by 
(A.6). 



Appendix B: Evaluation and application of curvature tensor 

In addition to the variables 

(see (A. 18)), we shall use the tensor 



" ■ dy-^ q^ 

so that, 

v"'n = r:' + ^v"^Vn (B.2) 

&"^"*n = 0, (B.3) 

and 

y-v"'^ = 2v^, (B.4) 
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together with the tensor 

V'^hn ■■= V^hVn + V^^Vu + V^V^n - ^V^V^V^ (B.5 

which fulfills the identities 

V hn — OmV /in — U, V V hn — Q V h- [d.O 

We shall also use the notation 

Si = y^Vifej-, s' = a*"s„, (ys) = y'si. (B.7 

These objects don't depend on the vectors y. 

Below, we shall evaluate the curvature tensor of the ^^j^^-space in the Landsberg 
case, that is, when the conditions 

g — const (B.8 

and 

^ibn = krin (B.9 
(see (1.8) and (1-23)) are satisfied. The formulae indicated in (B.7) reduce to 

Si = kvi, s' = kv\ {ys) = kq^. (B.IO 



We shall denote 



and 

and also 
together with 
and 



(yk) = y%, (B.12 
ki^ki + k\ (B.13 
(yk) ^ y% ^ (yk) + k% (B.14 



{yk) -b{bk). (B.15 

The spray coefficients entailed have been found in the previous work [11-12] 
They read merely 

= kgqv"" + aJ^jny'y''. (B.16 

It is notable that the Finsleroid-Finsler metric function K does not enter the right-hand 
side of these G™. The presence of the constant g in the right-hand side of (B.16) is the 
only trace of the function K in these coefficients. 
The coefficients 

equal 

G'-„-A;^g^;™„ + 2a-„y^ (B.18 

and the coefficients 

G-r.H = (B.19 
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equal 

G'^nh = ^v^hn + 2a"^,„, (B.20) 

where the tensor (B.5) has been used. 
Differentiating (B.16) yields 

= gqkiv"" - kgqisiW^ + hViV^) - kg-SiV"" + A. (B.21) 
ox^ w 

Here and below, w = q/b and A symbolizes the summary of the terms which involve 
partial derivatives of the input Riemannian metric tensor with respect to the coordinate 
variables x^. 

Simple direct calculations yield 

oy^ox^ q q 

- kg-hkv'^Si + kg^VkV-^Si - kg-v'^Vkk - kg-s^r^^k + A (B.22) 
q q-^ w w 



and 



- kg\v^{ys) + kg^VkV^iys) - kg-v^s^ - kg-{ys)r^k + A, (B.23) 
q q"^ WW 

together with 

QQi d^G^ 1 

2^ - Q^jQyk = 9Qkkv' - kgq{skb' + hVkV) - kg-Skv' 



-^g^{yk)vkv' - ]^gq{yk)r\ + hzg^Vk[{ys)V + hs^ + ]^kgq{Usk + hks') 

+ ]^kgh)kv\ys) - ^kg^Vkv\ys) + ^kg^v'sk + ^kg^iysYk + A. (B.24) 



This entails 



\kgqsiJf - kgqbVkb' - ^kg-Skv' + ^kg-Vk({ys)b'' + bs') + ]-kgqbks' 
I I w I q \ /z 



+ \kg^bkv\ys) + \kg—{%)s) \ r\ - \v'vk ] + A 
2 q 2 w \ q^ 



(B.25) 
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and 



together with 



2 . 



G'jG^k = k^gV I v\ + -v'vk ) + A, (B.26) 



^^■|W-W.'^ + A (B.27) 



and 

With these formulae, we can obtain the exphcit form of the curvature tensor R^k on 
the basis of the definition (A. 24) written in the previous Appendix A. The result reads 



—kgqskb' - kgqbVkb' - ^-kg—Skv' + l:kg-Vk({ys)b' + bs') + \kgqbks' 
2 2'u;2g\ /2 

2 q 2 w \ q^ 

+ \k^gW {r\ - ^v^Vk^ + A. (B.29) 

Using the claimed equalities Vmbn = krmn, Si = kvi, s* = kv^, (ys) = kq^ (see (B.9) 
and (B.IO)) evokes much simplification, leaving us with 

K^R'k = —gqiyk) (^r\ + ^^'^fc) + d^kkv' 



+ egqbkv' - h^gqb (^r\ + ^v%^ + ^k'g^ (^r\ - ^v'vk^ + A. (B.30) 
Eventually, 

K^R'k = ^k'^gh'^ (^r'k - ^^^^fe) - \gqiyk) (^r\ + ^^'^fc) + aqhv' + y'^ajkmy""- 

(B.31) 

Thus we have arrived at the following proposition. 

Proposition Bl. In the Finsleroid space TT^^ , the Landsherg-case curvature 
tensor R^k is explicitly given by the previous formula. 

The entailed tensor (A. 25) is found to read 

3 

3KR\rn = -^k'^g'^ivmr'k - Vkr'm) 
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+ ^{vmkk - Vkkm)v' + gq{kkr'm - kmr\) + ^"'an\m 



k g {vmr\ - Vkr'm) 



km [ r\ + j ~ Wm + 



+ 3y a„ km- 



Simplifying yields 



KR\m = ^k^g'^iVmV'k - Vkr'm) 



-^gq 



km ( r'k + -^v'vk] - kk (r'm + -^v'^Vr, 



~l~ y km- 



(B.32) 



The full curvature tensor (A. 26) is obtained to read 

Rn km g {TmnT k fknf 



2q 



km ( r\ - ^'"''"k^ - kk (^r'm - ■^'"'Vm 



2g 



^ nikk'^m kmVk) +f (^fe'^mn km^kn) 



~l~ km- 



The tensor can also be represented in the short form 



Rn km — ^ ^ {j'fn'nf k fkn^ m) ~l~ 2,q^^^^ 

with the help of the tensor 



nm fnm^ ^m^n ^n^m "^nVm- 



(B.33) 



kmr\k) + an km, (B.34) 



(B.35) 



From (B.33) we obtain the contraction 



Rnim — ^(-^ '^)k^g^fmn 2q^" 



{N - 2)km - hr'm + \kiV'Vm 
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2g 



or, after due simplification, 



2g 



2g 



1 



(B.36) 



Next, we find 



a''"'Rn\m = |(A^ - 2)(7V - ijA;^^^ _ ^ 9_^^ ^ ^(Ar - 2)ni + a""W«m. (B.37) 

Let us now evaluate the scalar 



in y 



(B.38) 



applying the representation 



a""* + l(bb''b"' - U'y'^ - U^y"") + —(b + gq)y''f- 
q Bq 



B 



(see (A.25)). We obtain 



~B 



(AT _ 2)(7V - 1)A;2/ + a^^a^'im - ^n, + ^-n, + ^(7V - 2)n, 



+i^b"'b^R^^.^ _ - h^'y^Rn'im + -^{b + gq)y"'y''Rn' 

q q q Bq 

= 1(7V - 2)(7V - 1)A;V + yA^&"^^m 



-rii H — rii H (A/ — 2)ni 



2q q 2q 



^{N- 2)egy - ^gq | N{yk) - 2k,v' 



B 



l(Ar-2)(7V-l)A;V + yA^&"^A;„ 



-rii H — rii + — (iv — 2)ni 



2g 5 2g 
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+ 



bq 



9Q_ 
Bb 



^{N - 2)k^gy - ^gq{ N{yk) - 2hv' 



~ ^ y ".n im- 



Eventually, we obtain the representation 



B 



BJ^'in = {N-2) 



\{N-l)kV + \lk^g'q-llg^n, 



-rii H — Til H [N — 2)ni 



2q q 2q 



Bb 



-^{N- 2)k'gy - \gq(N{yk) - 2n,) 



where 



We have 



JD 



(B.39) 



(B.40) 



B q q Bq 

Use the components 



(B.41) 



9i3 = 



^ij + ^{<lib + gq)bibj + q{biVj + bjVi) - b-^ 

JD \ Q 



~b' 



(see (A. 24)) to lower the index according to 



Rfiikm — 9ji^n km- 



(B.42) 



We obtain 



"^ 7 2 2/ \ 



2q 



km I 'I'ik ~l^ViVk I kk I Tim "^ViVm 



+ 



2q 



B 



9ji^n km 
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+ 4 (a -6^ 



B 



-'-2 2 9 ' ' 2 



(B.43) 



where 
B 



j^gjiaJkm = cinikm + ^(q{b + gq)bi + qvi^bjan^km + ^{^bi - b—^vjaJkm- (B.44) 



Also, we must perform the involved calculation to find the contracted tensor 



ikm y 



nikm • 



(B.45) 



We obtain 



2q 



B\ q 



^k^g'{N - 2)vk + ^ ( {q'kk - v^k^Vk) + q^[{N- l)kk - k^rl 



-^J^(6-^J^) 



^k^g^q^ (rik - \viVkj - ^gq{yk) (nk - \viVk 



+ ^Vi(^q^kk - {yk)v^ + ^(qbi - b^gq(q^kk - {yk)vk 



(B.46) 



where 



/3 - 3 ^ 

• Qji^n km9 



(B.47) 



Adding (B.37) and (B.46) yields 



1.. n,.. g\^~ ( 1 



R"^ikm + Ri'hk = 7T^'^'(^ - 2)nfc + ^—b'^k^ Tik - -^ViVk 
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+ 



B 



- 2)vk + ^ ( kmr"^ - ^k^v^v^ - Nkk 



+ 



B 



bi(ykk - {yk)v^ - ^b—{q^kk - {yk)v^ 



+ ai^hk + Oi. (B.48) 



We find 



= 



dnikm + {(l{b + gq)hi + qv^hjaj km + (^g&i - b—^Vjanhm 



Q 



a„ikm + -| (q{b + gq)bi + qv^h^an^ km + -| (g&i - b—^Vja^hm 



Q 



a-aikm + ^ (q{b + S-gj^i + qv^bjan^km + (g&i - b—^vjanhm 



--y'^V 



B 



ttnikm + —[q{b + gq)bi + qVi ) bja 



9 f L L^' 



JjUn km -r — yqbi - b—jVjan\m 



9 



+^{b + gq)y"'y 



anikm + (q{b + gq)bi + qv^hjanhm + -| (qh - b^Vjttnhm 

The previous representation reduces to 



anikm + (gq% + + b^)v?jbjan\m + ^ (^^^i - b^^y^Unjkm 



q 
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B 



Q 



Bq 



anikm + (s'g^^'i + (g^ + b'^)vi^bjaj km 



or 



a; = a" 



,9_{._ .Vi\ j 



+ 4-ib + gq)y"'Yanikm 

Bq 



+ 



Bq 



gq\ + {q^ + h'^)v^hjan\ma''' 



anikm + ^ (qk - h—^y^anjkr. 



q 



a-nikm + (9q% + {q^ + b'^)v^bjanhm 



+ + gq)^{gq\ + (g^ + fe^jt;,) fe^a^^fe^y^y". (B.49) 



Bq^ Bq 
Make required insertions 



bj^n km ^ ^k'^nm ~l~ ^m^nk^ j ^ /im ^/i^ m (-^ l)^r; 

(see (A. 48)) and obtain 



(^nikm ~r ^ q ^njkm 



g 

— {h + gq)y"'y'^ anikm 



(B.50) 



h + + &')^;i) {N - l)h + {gq\ + + &')^i)r,"^^. 



q 



^kfim km,rik -\- —^qbi b — ^y-'(jtk'^jnri kmTjkj 



9 r 

—y 
q 



kk^im km,Tii; -\- —(^qbi b ^y'^ (j^kl^jm ^^m'^jk^ 
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-Krki + hrnk + -J^ (^gq% + {q^ + b'^)vi^ (^-hrnm + kmrnkj V^' 



Bq 

We obtain the tensor 



-^ib + 9q)^{9q% + + b^)vi ) ( q'kk - {yk)vk 



Bq 



(B.51) 



R"\km + Ri hk = 7^k'g\N - 2)rik + ^ITk^ nk - -^ViVk 



+ 



-| (qbi - b- 
B\ a 



^k^g^N - 2)vk + ^ ( k^rT - ^k^v^^Vk - Nkk 



^k'^g^q'^ (^Tik - ^ViVk^ - ^gq{yk) (vik - ^ViVk 



+-Vi(q^kk - {yk)vk 

q ^ 



+ hk 



Omfem + -| (qh - b^)y^anjkr, 



Bq 



{b + gq)y'^y''anikm 



-^^{aq'bi + {q' + b')v>j {N - l)k, + J- (^gq%, + (q' + b')v,y,^k 



Bq 



+hb"' 
q 



-kmTik - ^{qbi - b—^^kmrjk 



q 



kkf^im kmTik + — {^bi b— )?/"'( kkVjm kjnTjk 



q 



knTki + hVnk + (gq% + {q^ + b'^)v!^kmrnkb'' 



Bq - q 

which can be simphfied to read 



-^{b + gq)-Vi (q^kk - {yk)vk^ , 



(B.52) 



R'^ikm + Ri\k = Ik-'g^iN - 2)r,k + ^^b^k^ [fik - ^v.v^ 
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+ 



B 



- 2)vk + ^ ( kmr"^ - ^k^v^v^ - Nkk 



+ ^{b + gq) 



{gq'h + {q' + b')vi) {N - l)kk + ^ {gq\ + {q' + h^)v^Tk'^k 



Bq 



+-bb"' 

q 



-kmTik - (qh - b—^kmVk 



kkVi - {yk)rik + ^(qh - ^— ) (ykk - {yk)v^ 



-{ykYki + kiVk + -v-.kJT'Vk ^^{f^i ~ hv^kmh^Vk 



q 



(B.53) 



Thus, the following proposition is valid. 

Proposition B2. In any Landsberg case of the TJ-g^-space, the covariantly con- 
served tensor 

is given by the explicit representations (B.53) and (B.39). 
Contracting yields 

yV{R"'ikm + Ri\k) = lkV{N - 2)q' + 2ai\kyV 



as well as 



gq{N - l){yk) + gqiv^'kj - gbq{bk) - ^gq^k^b"', 

q 

y'l^R'^ikm + Ri\k) = \k^g\N - 2)v, 



(B.54) 
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-{yk)vi + hq^ + gqviihk) + \q%i - hvij (bk) 



(B.55) 



Appendix C: Special— case evaluation 

In the special case characterized by the warped representation (1.24) of the interval 
square (rfs)^ the vector km is a factor of the fundamental vector 6^: 



(see (1.19)), which entails 



and 



km = fbm, f = {bk) 

Z — 

""m' n — "J) 



ni = 



(the function rii was defined in (B.15)). 
Also, it follows that 



so that 
Let us put 

and obtain 



k 



k^kiz""). 

dk ■ 

9 = 



dz^ 



(bk) ^k + k'^. 
When proceeding in this way, we have 

, 2 



and 

together with 



{dsf = {dz^'Y + {4>{z'')Yp^{z'')dz''dz\ 
(f) — kef) 



(C.l) 

C.2 
C.3 

C.4 

C.5 
C.6 

C.7 
C.8 

C.9 

(C.IO 
(C.ll 
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and 

The Christoffel symbols (A. Ill) reduce to 

S m - KO^, S be- KTbc: S be- r,P \ Q^f, + Q^e Q^d I" I'^'-L^J 

If we calculate from them the Riemannian curvature tensor (see (A.44) in Appendix 
A), we obtain the components 

N aN ab , h N h N j ;2 /ni to\ 

aa = Q^ + SaNS hb - S abS hN = krab - k rab (C.13) 

and 

N _ ac _ ab , h N _ h N _ ac _ ab f N _ f N 

da be — Q^e ^ * * ^'^ ~ Q^b Q^e ^ * * "^"^ Z^' 

(C.14) 

together with 

e _ (^S^ac ds^'ab , h e ^'^ — pe , N e N e /p i f-\ 

"a be — * ac^ hb~ o ab^ he — be'T S ae^ Nb ~ ^ ab^ Nc- {^.i-O) 

Under these conditions, we obtain 

aa^'bN ^{k- ky^b. (C.16) 



aAc = 0, (C.17) 

aa%e = Pa'be - k'M - TabS',), (C.18) 



where 



We have 



Pa be = -g^b + «cP fb - PabP fe- {C.19) 



and 



ajvV^ = (W-l)(A;-A;2), (C.20) 

aa\h = 0, (C.21) 

aa\h = ^'ab + (A^ - '2)erab + {k- ky^b- (C.22) 
In terms of the quantities 
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we obtain the concise representation 

y'^y'^an^h ={N-l){k- e)b^ -{N- 2)6?' + {k- k'')q\ (C.24) 

Notice that 

= h. (C.25) 

Henceforth, we shall use the notation 

(3^k-k^ = {hk)- 2k^. (C.26) 

The representation 

O'n km — "^■nTl'^k^m^h ju ~ k {rnmTk ~ "^nkfrn) 

+ {hk) (b'brnrnk - b%rnm - bnbmri + Khrin) (C.27) 

is valid, entailing 

ari'mh = r\rlPij - {N - 2)k\nm + {hk)rnm + {N- l){bk)bnbm. 

The scalar given by (B.41) reduces now to 

/I = -2(Ar - l)/3 + (JV - l)(iV - 2)6 

_(jV_l)«Y^+£«(^(7V-2)(6+/3). 
The contraction (B.54) is got simphfied to read 

yV{R"'ikm + Ri\k) = Ik'g'iN - 2)g2 _ 2{N - l)b'P 

+ 2{N - 2)6g2 _ 2q2p _ Ngbq{bk) - g^q\bk), (C.28) 

and (B.55) becomes 

y'{R"'ikm + R^\k) = lk'g\N - 2)v, 



^k'g{N - 2)q' - ^-^N{bk) 



+ 2ai\ky'' 



+ ^{qbi-b^yy>'anjkma''"' 



-{N-l)^(^gq%, + {q' + b')v,){bk) 
gqh - g\{bk) - l^t±MSl [q\ _ 5^^) {pi). (C.29) 
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The scalar (B.39) reduces to 



K^R^\n = -2){N- l)k^g^B +]{N- 2)h^g\{b^ + gbq + q^) 
4 4 



9Q 
' b 



^{N-2)k'gy-^gbqN{bk) 



-2{N - l)(5B + {N- 1){N - 2)^2B 



- (iV - l)gyp +{N- 2)gq{b + gq) + p) , 

where ^i, ^2 are the quantities which were defined in (C.23). 
Simphfying yields 



(C.30) 



K^R'^'in = -2{N - 1)BP + (AT - l)(iV - 2) ( 6 + ^g''k'' ] B + ^{N - 2)g'q\bk) 



1 



+ (TV - 2)gq{b + gq) {^^ + ^-g^k^^ + (N - 2)gbq(3 + 2gYe. 
Henceforth, we restrict the treatment to the constant-curvature case: 

Pa be = -XliPac^t - Pab^c), Xi = -1, 0, 1, 

which can be written as 



with 



(see (C.9)). The contracted tensor 

equals 
entailing 



p p e 

^ ab -'■ a be 



Pab = (iV - 2)Hrab, 



y^'y'Pab = (iV - 2)xg2, a'^'Pab = (iV - l)(iV - 2)x. 
The quantities (C.23) become 

^1 = 6 = -A;' - X = e 

We obtain 



and 



aabh = -{N-2)^rab + (3rab 
y''y"'aJmH ^{N- l)pb^ - (TV - 2)^q' + 



C.31) 

C.32) 

C.33) 
C.34) 

C.35) 

C.36) 
C.37) 

C.38) 
C.39) 
C.40) 
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together with 



= -{N - l)(5hihk + (iV - 2)irik - Pn^, 



- y'aj\k ={N- l)/3bbk -{N- 2)^Vk + Pv^, 



and 



y"^y"'anikm = -P b^Tik + q\bk - bhvk - bbuVi + ^{q^Vik - viVk) 



(C.41) 

(C.42) 
(C.43) 



With (C.36)-(C.42), the tensor (C.29) reduces to 

y''{R'^ikm + Ri\k) = \k''g\N - 2)7 



' B 



a - 2{N - l)pbbi + 2{N - 2)^Vi - 2pVi 



-(7V-2)^ee. + f [(iV-l)6^ + ?^]/3e, 



-{N-l)^(Bb, + {q' + b')e,]{bk) 



-gqh - g^Vi{bk) + 



g (fib + yq) 
B 



{bk)ei 



g\bq 
B 2 



N{bk)ei - 2{N - l)(5bbi + 2(A^ - 2)$,^Vi - 2(5vi 



-(^-2)f6e. + f 



-{N-2)q^ + gq{b + gq)\{bk)ei 



-Ngqh{bk) - g\{bk) - 2{N - l)^k\ - 2^k^e 



B 



B 



^|7V(6^)e,- (TV- 2)^^96. + f -{N - 2)q' + gq{b + gq) {bk)e. 



+2{N - 2)6^6, - 2/3^e, - g\bk)^ei - 2{N - l)pbh - Ngq{bk)h 
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+2{N - 2)C,^k - Wjh - g'm^k - 2{N - lf-^k\ - 2^-^k\ 



where 



6 = e + Ig'k^ 



or, by virtue of (C.38), 



We have used the vector 



If we remind 



6 = - I 1 - ^ ) - X. (C.44) 



ei = -h + ^Vi. (C.45) 



Vi = (vi + {h + gq)h^ — 
(see (A. 23)), we may write the equahty 

Vi = {(fei + Bhi) — . 

This yields 



-{N - 2)^e9e. -{N- 2)^(6^)e, - ^(&^)e. 



where 



+2{N - l)(bk)b^et + Ngq(bk)^e, 



JD JD 



Rg = -2{N - l)pb'^ - Ngq{hk)h + 2{N - 2)^gq'^ - 2/?g^ - g^{hk)q^, 



or 



Rg = -2{N - 2)^e -{N- 2)gq{hk)h + 2{N - 2)^gq' - 2{hk)B - g\bk)q^ + 4(6^ + q^)k'^ 
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In this way we arrive at the equahty 

+ Ri\k) = (iV - 2)/4ge, + N^{bk)ei + A^k 



with 



or 



- 2{N - lf-^k\ - 2^-^k\ + R^^Vi (C.46) 



/4 = ^e9 + 2(e9+(6A:))|. (C.47) 

The scalar (C.31) takes on the form 

K''R''\r^ = -2{N - 1)/3B + (AT - 1) (AT - 2)^9^ 



+ 1{N- 2)g^q\hk) + {N - 2)gq{b + gq)^, + {N - 2)gbq(3 + 2g'q'k'. (C.48) 
Now we calculate the quantity 

e^^iRg-K'R^\n). (C.49) 

With (C.48), we find 

Rg - K^R'^'in ^(N- 2)E^ - g^q^ibk) - 2k^B + Aq^k"^ - 2g^q'^k'^, (C.50) 

where 

E,^2(^l-^^ {bk)q' + 2^,q' - (TV - l)^^^ - gq{b + gq)^, - Aq'k' - 2gbqk\ (C.51) 
Thus we get 

e=\{N- 2)^4 - \g^q^{bk) - 2k^B + 2(6' + q^)^ - g\^k\ 

or 

e^\{-N- 2)E, - \gY{bk) - 2gbqk^ - g^k'. (C.52) 
Now we are able to evaluate the explicit expression of the vector 

Pi -^Pijy^- 

Prom (A. 65) we get 

2Pi = y^{R^ikm + Ri^hkj — ViR^^nm- (C.53) 

We obtain 

2p, = (AT - 2)/4ge, + ^N{bk)e, + A^k\ 
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(C.54) 



- 2(A^ - - 2— A; + e— 

If we apply here the formula (A. 36) which introduces the vector A^, we can obtain the 
expansion 



where 



2gK 



2(iV-2) ^ , 2.,r^^ 4^9,2 4(iV-l) 6 ^ 



with 



Raising the index yields the expansion 



We may apply here the representation (A. 37) of the vector A^, obtaining 



where 



Nh 



2(A^-2) 
TV 



Nh 



In another convenient form, 



i B P ■ 

p = -^^K~2^ + ' 



where 



P = e + si{h + gq). 

Let us apply the osculation procedure, specifying the variable y'^ according to 



Noting that 

from (C.52) we get 

and (C.60) yields us 



(C.55) 
(C.56) 

(C.57) 
(C.58) 

(C.59) 

(C.60) 

(C.61) 
(C.62) 

(C.63) 



We have 
together with 



'M,.n^.n-(N-2)^,+ (N-2+^g'){bk). 



p = "P 

^ \yh=bh ' 



(C.64) 

(C.65) 

(C.66) 
(C.67) 
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where 



(see (C.62)), that is, 



V^~{N-2){N- 3)6 + (a^ - 2 + ^g^){hk). 



(C.68) 



From (C.61) we infer 



that is, 



' \yh-i,h 



P 



+ N 



\yh-i,h 



bK^ 



{N-1)V, 



^{N- l)V. 



{cm) 



\yh-i,h 



All the conditions which have underhned the equahty (A. 108) of Appendix A are fulfilled, 
so that we are entitled to write 



or, if we apply (A. 109), 

Vdi-i{,} + {N- l)k-f{,y ={N- l)kV. 
From (C.66) and (A. 105) it follows that 



7{6} = %u._ 



(C.70) 



(C.71) 



(C.72) 



Appendix D: Evaluation of the covariantly conserved tensor p'k 

Let us evaluate the sum tensor R^ikm + Ri^hki assuming the special-case relations 
(C.1)-(C.12) to be valid. 

From (B.53) it follows that 



' B 



\eg\N - 2)vk - ^Nkk 



^k'^g'^q'^ (rik - -^ViVk^ - ^gbq{bk) (rik - ^ViVk 
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90. Q 



{N-l)^^[gq% + {q' + b')v.)h 



~ 9 ~ 9^0^ ~ 

kiVk + -Vi{bk)vk ^ei{bk)vk 

q B 



Cancel similar terms and make insertion of the Riemannian curvature tensor con- 
tractions (C.41)-(C.43) related to the isotropic case. We obtain 

R'^ikm + Ri'hk = \k''9\N - 2)rik + J (^Tik - ^ViVk^ (bk) 



m 

' B 



^k'g\N-2)v,-^Nk, 



^k'^g^q^ irik - -^ViVkj - ^9bq{bk) (rik - \viVk 



-2{N - i)pbA + 2{N - 2)ink - 2(3nk 



+^ I (iV - l)(3bbk - (iV - 2)ivk + (3vk 1 



b^r-ik + q\bk - bbiVk - bbkVi 



+ iiq^Tik - ViVk) 



-{N-l)^[gq%i + {q' + b')v?jkk 



+—{bk)rik - - 



9(1 

Vi - —Ci 



kk 



2 2 

kiVk + -Vi{bk)vk ^ei{bk)vk 

q B 
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where (3 is the quantity (C.26). 

Here, the variable ^ can conveniently be replaced by the variable ^9 = C + '^9^^^ 
(C.44)). Following in this way, we get 

R^ikm + Ri'hk = |- {r^k - ^v,v,^ (bk) + f yA^^fee, 
-2{N - l)(5hihk + 2(7V - 2)i^nk - Wrik 



+ ^ I (AT - l)l3hhk -{N- 2)C9Vk + Pvk I 



B 



b'^r-ik + q\bk - bbiVk - bbkVi 



+^(& + 9(1) ( Uk - A^ViVk ) ^9 - (N - gq% + (g^ + b^)v, ) k 



Bq 



+ — {bk)rik - - 

q q 



gq 

Vi Ci 

B 



{bk)bk - 



h ^ 9 9^q^ 
bi + -Vi —d 



q 



B 



{bk)vk. (D.l) 



Applying 



ei = -bi + —Vi 



leads to 



, D 9q9q.rZ ,1 g^q"^ nX\ ( 
ikm + Ri hk^ 'bY ' \ 



rik - -^ViVk 



-2{N - l)pbibk + 2{N - 2)C9rik - 2prik 



+ ^{{N- l)l3bbk -{N- 2)i,vj, + I3vk 1 e, 



9_ 
qb 



b'^Tik + q\bk - bbiVk - bbkV^ (3 



gq_ 

Bb 



b'^Tik + q\bk - bbiVk - bbkVi (3 
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+^{b + gq) { Tik - i^ViVk ) 6 



-{N - l)A^^B{hk)hh -{N- + h''){hk)he, 



+—{bk)rik - - 
q q 



11 s 



{bk)h 



2 3 

— {hk)hiVk - ^{bk)viVk + ^{bk)eiVk. 
q q^ B 



Let us perform appropriate cancellation: 



R^ikm + Ri^hk — ^^N{bk)bkei 



i^ik - \viVk] +^{b + gq) (rik - -^ViVk ] 6 



2 B V'" q^ J ' \^ ^2 



-2{N - l)(3bibk + 2{N - 2)^grik - 2prik 



+ ^{{N- l)(3bbk - (AT - 2)^gVk + I3vk I 



B 



9_ 
qb 



q%ibk - bbkVi 



+ 



9Q_ 
Bb 



b'^Tik + q\bk - bbiVk - bbkV^^ (3 



-N^mkbk - N^^iq' + b^){bk)bke, 



~{bk)viVk + ^{bk)eiVk 
q JD 



^^-^{bk)bke, - 7V^(g2 + b'){bk)bke. 



2 B 



+7;^^ibk) (rik - \viVk] +^{b + gq) ( rik - ^ViVk ] 



B 
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-2{N - l){hk)hh + 2(7V - 2)^9^^ - 2{hk)nk + ^{bk)rik 



+(bk)^bkei - ^ bibk + hck + bkCi \ (bk) 



/ 2 2 

-N^{bk)bklk + ^ei-^e, 



or 



— {bk)vkbi - — {bk)vkei + —{bk)eiVk, 
R^ikm + Ri^hk — ~^ {bk)bkei 



(D.2) 



+7i^^ibk) (rik - \viVk] +^{b + gq) (rik - \viVk ] 6 



+ 



2{N -2)i^-2{bk)^^-^{bk) 



rik :^ViVk 

r 



+ - 



9<1, 



2{N - 2)^9 - 2{bk) Vkih + ei) + '-^{bk)vk{,ei + h) 



2 2 \ 

-2{N - l){bk)bk ( 6, + - j - (TV - 2)^6^^fce, 



-^{bk)bkei + ^{bk)ekei + {bk)^bkei 



3 / 2 

-^(&^) + efc]6, - N^{bk)bk Ih + 



9^ ~ ( (f' 
— -{bk)vk {bi + —Ci - — e, 



Bb 



{V + q'){bk)eiVk. 



The last expression can conveniently written as 



^ ifcm ~r hk 



2 B 



{bk)bkei 
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+ 



2(7V-2)6-2(6A;) + ^(6A;) 



+ - 



2 (TV - 2)^9 - 2{hk) 



Vk 



+ Oi + — - — e 



2 2 \ 

-2{N - l){hk)hk ( h + - j - (iV - 2)^i,Vkei 



3 2 

^^^^^^^^^^ + + 9b){bk)bkei 



N^ibk) (^k + ^e,^ 6fc - (^k + ^e,^ t;, - ^-^ibk)e,v,. (D.3) 



Next, we use the equality 



Vi = {q^ei + Bbi 



'bB 



(see (A. 23) in Appendix A and (C.45) in Appendix C), obtaining 

R'^ikm + Ri'hk = 2X {^ik - ^ViVk^ + 2rfcej + -^ZkVi 



with 



and 



X = (AT - 2)6 - (6A;) + i^(fe^) + l^-^m + (fc + ^?)6 



(AT - 2)6 - (6A;) - (iV - l)b{bk)bk - ^gq{bk)bk - \g\bk)vk. 



Insert here — {q^ /b){ek + fcfe): 



(D.4) 



(D.5) 



(D.6) 



Zu — 



2 2 

(TV - 2)6 - m] ^e, + [{N - 2)6 - (bk)] j - {N - l)b{bk) 



-^gq{bk)bk - ^g^{bk)jek - ^g^{bk)jbk. 



Apply (D.4): 



(7V-2)6-(&A:) 



J b 



{N - 2)6 - q''-{N- l)b\bk) 



Vk 
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{N - 2)^9 - {bk) q^-{N- l)b\bk) 



bB 



efc 



so that 



with 



1 g2 



(D.7) 



(TV - 2)6 - W - {N - l)b\bk) - ^gbq{bk) - \g\bk)q'' (D.8) 



and 



{N-2)i,-{bk) 



iB 
b 



{N-2)^,-ibk) q'-{N-l)b\bk) 



+^gq{bk)-lg\bk)j + ^g\bk)^, 



which can be written as 



Z{,| = (7V-2)6 



>^—^ + {N -2)b{bk) + -{N -2)gq{bk)--g^{bk)^ + -g\bk)^. (D.9) 



b T 



Also, we get 



n - j^mbk + {N- 2)^-^C9Vk - ^{bk)vk - ^{bk)vu 



+Y§ipk)vk + {N-l){bkf^b, 



-\{N - 2)^i,v, + ^^{bk)e, + \^{bk)b, - \^me,, 



or 



HN - l){bkf^b, - \{N - 2)1^9^, - \^mek. 



Inserting here Vk = {q^ /b){ek + b^) yields 



2„2 



Ng'q 



b + gq q^ 



b + gq q^ q^ 



+{N - l){bkf^b, - \{N - 2)f 6^6, - \{N - 2)f 6^6. - l^-^me,. 
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or 



A 7" 2 2 2 2 2 



+ {N - 2){bkf-b, + l(iV - 2)f 6ye, + ^(iV - 2)f ^9^^. - 



so that, 



with 



and 



= (iV - 2)6^9 + nr{bk)b + ^{N - 2)gq^g 



(D.IO) 
(D.ll) 



or 



r{e} = {N-2)^,-{bk)-{N-2)^^,-nr{bk)^ + ^{N-2)^{b+gq)^,-^g\bk), (D.12) 



where we have introduced the notation 



N 



n,^N-2 + -g\ 
Since y^Ck = 0, from (D.7) and (D.IO) it ensues that 

The function (D.ll) obeys the equahty 

Y{y} = Si, 

where the right-hand part is the function (C.60) of Appendix C. 
We may use the angular metric tensor 

, _ 1 . . / 1 



and the contracted Cartan tensor 



(D.13) 



(D.14) 



(D.15) 



(D.16) 



NK q , ,h 2 



obtaining 



Dm I r) h r) Y' 

-n- ikm + -tti hk — 



B 



ki 



AiAk 



(D.17) 



2B , 2 
^2nA + -^,Z,y,- 
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With this result, we obtain the tensor p^k to read exphcitly as 



Here, 



so that 



B 



2B 
NKgq 



ri r>nh 



= 4 - -^y'vk, 



2^2 



Mr 



1 1 



A A^R fin 



2 AiA^ 



(D.18) 



(D.19) 



where 



2B 



NKgq 



1 1 

2^2- 



Mr = 2BX - K'^R''^ 



hn- 



Prom (C.48) we know that 



K'R^\r, = -2{N - l){hk)B + (iV - l)(iV - 2)5^9 



(D.20) 
(D.21) 



+ -(TV - 2)g''q\hk) + (TV - 2)gq{h + gq)^^ + (TV - 2)ghq{hk). 
By the help of (D.6) and (D.22), the scalar (D.21) reduces to 



(D.22) 



Mr = 2(A^ - 2){hk)B - {N - 3){N - 2)B^q 

~{N - 3)gV{bk) - (TV - 3)gq{b + gq)^, - (TV - 3)gbq{bk). 
In terms of the function V (see (C.68) in Appendix C) this scalar can be written as 

Mr = 2BV - ^g^B{bk) 



- ^(TV - 'i)gWhk) - (TV - 'i)gq{h + gq)i^ - (TV - 'i)ghq{hk). 
Using (D.7) and (D.ll) in (D.20) leads to the expansion 



(D.23) 



hi 



A'Au 



1 -nnh 1 
■7: hn 



11 11 

+ -]^j^Z{y}y'yk - i^-j^R'^^hny'yk, 



or 
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(D.24) 

where 

Mg = -M7 - K'^BJ'^hn + 25y{e} = + 2BY{e} (D.25) 

and 

Mg = 2Z{y} - K^R'\n. (D.26) 
Simple direct calculations yield 

Ms = - - 2(iV - 2)g2^9 - 2717(6^)?' + (iV - 3)^g(6 + 55)^9 - g^B{bk) 

(D.27) 

and 



Mq = 2 



(AT - 2)^9 - {hk)^q^ - 2{N - l)b\bk) - Ngq{hk)h - g\bk)q^ 



or 



+2(A^ - l){bk)B -{N- 1){N - 2)5^9 
~{N - 2)gYihk) - (TV - 2)gq{h + gq)i^ - (TV - 2)ghq{hk). 

= 2{N - 2)6g^ - 2(iV - 2)h'^{bk) -{N- 2)gbq{hk) 

+2{N - 2){bk){b^ + gbq + q^) - {N - 1){N - 2)B^g 
-^NgYibk) - (TV - 2)gq{b + gq)^, - (TV - 2)565(6^), 
M, = 2{N - 2)^9^2 _ (AT - l)(iV - 2)5^9 + 2(n-2- ^gA q\bk) 



-{N-2)gq{b + gq)i^. (D.28) 

Now we get 

= ^^^^^ + z^^^i^"^'^^ - ^gi^^'^y'"^^ + ^^'=>^^^0 + 

(D.29) 

where 

Mio = M9 - M7. 

We have 

Mio = 2(iV - 2)6g' - (AT - 1) (iV - 2)56 + 2 ("tV - 2 - ^ <72\ 2 (&fc) - (iV - 2)^^(6 + ^g)^ 



56 



or 



-2{N - 2){hk)B + (AT - 3) (AT - 2)B^^ 



+ 2 - ^)r<l\hk) + (TV - ?>)gq{h + gq)^, + (TV - ?>)ghq{hk), 



Mio = -2(iV - 2){hk){B - q^) - 2{N -2){B- q^)i^ 



- \gWhk) - gq{b + gq)C, + {N - 3)gbq{bk). 



(D.30) 



Now we may write: 

^ 2K^ 2K^ ^AiA^ NKgK^ 

Using in (D.31) the representations 



(D.31) 



a'^ + -{hUh^ - bY - b''y') + -^{b + gq)y'y^ 
q Bq 



B 



and 



A'' = —q 

2 ^qK 



BU-{b + gq)y' 



we arrive at the expansion 

p'^ = E^a'^ + E2b%^ + E^yb'y'' + ^3z6*^?/' + E^y'y^, 

where 



£^1 



B 



B 
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M7, 



;{gbqM7 + BMs), 



EsY — 



E3Z — 



2K^q^ 

^,ilM, + ^^{b + gq)Ms + 2Y^,y), 
^.{lM7 + ^,{b + gq)Ms + 2Z{^y), 



(D.32) 
(D.33) 

(D.34) 
(D.35) 
(D.36) 
(D.37) 
(D.38) 



E. 



2K^ 



(6 + gq)M^ + \{b + gqfU^ + 2(6 + gq) {v^y} + Z^e}) + Mio 



(D.39) 



Let us perform the required calculation: 



-'^K'E,Y = -\2BV-'-^g^B{bk) 



N 
~2 
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--(TV - 3)gYm - (TV - 3)gq(b + gq)^g - (TV - 3)gbq{bk) 



+- 



-gbq{bk) - \g^q\hk) - gq{b + gq)^, - 2{N - 2)q% 



-2n,{bk)q^ + {N- 2)gq{b + gq)i, - g^B{bk) 



1 



-gbq{bk) - \gWhk) - gq{b + gq)^^ - 2{N - 2)q% 



-2m{bk)q^ + {N- 2)gq{b + gq)i^ - g^B{bk) 



+2{N - 2)b^Q + 2ni{bk)b + {N - 2)gq^g. 
Here, all the terms which are proportional to g are cancelled, leaving us with 



EsY — gTsY, 



(D.40) 



where 



-^K%y = - ( - -g'B{bk) - -(TV - 2)gY{bk) - (TV - 2)gbq{bk) j 



b 

+- 
Q 



-m) - \gq{bk) -{b + gq)C9 + (TV - 2)(6 + gq)^^ - -gB{bk) 
z q 



1 

+ - 



-(TV - 2)q% -2{N-2 + ^g^] {bk)q' - g'B{bk) 



(D.41) 



Also, 



2 

B' 



.^K'Esz^^A2BV-^g'B{bk) 



-(TV - 3)gYm - (TV - 3)gq{b + gq)^, - (TV - 3)gbq{bk) 



+- 



-gbq{bk) - -gVm - gqib + gq)C, - 2(TV - 2)5^^9 
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-2[N-2 + ^g'] {bk)q' + {N - 2)gq{b + gq)^, - g'B{bk) 



+9- 



-gbq{bk) - -gVm - gq{b + gq)^, - 2{N - 2)q% 



-2m{bk)q^ + (TV - 2)gq{b + gq)i^ - g^B{bk) 



so that 



+2{N - 2)^,{b + gq) + 2{N - 2)b{bk) + {N - 2)gq{bk) - g\bk){b + gq), 



Ezz — gT^z 



(D.42) 



with 



-^K'T^z ^-hsV- -g'B{bk) - ^{N - 2)gWbk) - {N - 2)gbq{bk) 



-b{bk) - ^gq{bk) -{b + gq)^, - ^gq{bk) + {N-2){b + gq)^, - ^gB{bk) 



2[N-2 + ^g']{bk)q' + g'B{bk) 



+ {N -2)q{bk) - g{bk){b + gq). (D.43) 



We can infer that 



B 



K\TsY-nz)^Tr, 



where TV is just the function (E.2) of Appendix E. 
We continue: 



(D.44) 



2K^E4 = ^{b + gq) ( 2{N - 2){bk)B - {N - 3){N - 2)B^g 



--(AT - 3)g'q'{bk) - {N - 3)gq{b + gq)^, - {N - 3)gbq{bk) 



+-{b + gqy 



-gbq{bk) - -gVm - gq{b + gq)^, - 2{N - 2)q% 
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-2n,{hk)q^ + {N- 2)gq{b + gq)C9 - g''B{hk) 



+2{b + gq) 



{N - 2)66 + n7{bk)b + 2 - 2)5^6 



+2{b + gq) 



(N - 2)Ub + gq) + {N- 2)b{bk) + ^(7V - 2)gq{bk) - \g\bk){b + gq) 



so that 
and 



-2{N - 2){bk){B - q^) - 2{N - 2){B - q^)^^ 



--g'q\bk) - gq{b + gq)^^ + (TV - 2,)gbq{bk), 



Ea = gTi 



2K^T^^ -{b + gq)BV 



(D.45) 



~ (^^g'B{bk) + 1{N- 3)gYm + {N- 3)gq{b + gq)i, + {N - 3)gbq{bk) 



-g I ^g'B{bk) + 1{N- 3)gV{bk) + {N - 3)gq{b + gq)i, + {N - 3)gbq{bk) 



+ - 



-bq{bk) - -gq\bk) - q{b + gq)^g + {N - 2)q{b + gq)^^ - gB{bk) 



b 

+2- 



-ghq{bk) - -gV(bk) - gq(b + gq)^, - 2(N - 2)q% 



-2n,{bk)q^ + (TV - 2)gq{b + gq)^^ - g''B{bk) 



+5 



-gbq{bk) - -gVm - gq{b + gq)^, - 2(7V - 2)q% 



-2n,{hk)q^ + {N- 2)gq{b + gq)^^ - g^B{bk) 



+{N-2)bqC9 + 2q 



{N - 2)6^9 + nr{bk)b + ^{N - 2)gq^, 



+2{N - 2)bq^g +{N- 2)bq{bk) + 2q 



{N-2)gqi, + -{N-2)gq(bk) 



~gq\bk) - q{b + gq)^^ + (TV - Z)bq{bk). 



We can simplify as follows: 



2K^T^ = -{b + gq)BV 



{ ^g'B{bk) + ^{N - 3)gy{bk) + {N - 3)gq{b + gq)^^ + (N - S)gbq{bk) 



-g I ^g'B{bk) + 1{N- 2)gWbk) + {N - 3)gbq{bk) 



) 



+ - 



-bq{bk) - -gq\bk) + (iV - 3)g(6 + gq)i<, - gB{bk) 



+ - 



2gbq{bk) - 3g'q\bk) + 2{N - 3)gq{b + gq)^g - 2g^B{bk) 



+9 



-2 ( TV - 2 + ) {bk)q' - g'B{bk) 



+{N - 2)bqC9 + {N- 2)gq% + {N - 2)bq{bk) + {N - 2)gq\bk) 



- ^gq\bk) - q{b + gq)ig + (iV - 3)bq{bk). 
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In (D.20) we may apply the formula 



A' = BU - (6 + gq)y^ 



(see (D.33)) and obtain 



1 1 



2 AiA^ 



A'AuR'\r, - -^Ykh' + -^Pky\ (D.47) 



where 



B 



We can decompose this vector: 



P{y}J^yk + P{e}^ek 



and use (D.7)-(D.12), getting 



(D.48) 



(D.49) 



P{y} = {b + 9q)Y{y} + Z{y} - ^-K^R^\n 



= 6 1 (iV - 2)6^9 + n,{hk)h + 2 - 2)^96 



+ 



(TV - 2)^9 - {hk) q'-{N- l)h\hk) - ^gbq{bk) - \g\hk)q^ 



+(N - l)(bk)B - -{N - 1)(N - 2)56 



_l(iV - 2)g^q\bk) 'liN- 2)gq{b + gq)^, - ^{N - 2)gbq{bk). 
Here, several reductions are available, namely, 

P{y} = ni{bk)b^ + n'!{bk)gbq - q^{bk) - {N - l)b\bk) - ^gbq{bk) 



+(7V - \){bk)B - i(7V - 3)(7V - 2)5^9 - \NgWbk) - - 2)gbq{bk) 



N-2 + {bk)b' +(^N-2 + jg'] {bk)gbq 
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- (iV - 2)6^ (bk) {hk) + {N-2) {hk)B- ]-{N -?>){N - 2)5^9 - ^Ng'^q^ {hk) - (iV - 2) ghq{hk) 



= (TV - 2)(6^)B - 1(7V - 2)(7V - 3)^6 + \N9\hk){\? + - ^NgWhk). 
Eventually, we arrive at the function 

P{,} = n,{hk)B - ^(7V - 2)(7V - 3)^6 - ^A^/?'(6^) (D.50) 
which is tantamount to the function (C.62) of Appendix C: 

P{v} = P- (D-51) 

Appendix E: Skew part 

In the special case of Appendix C from (B.53) we can find the skew part pik — Ph of 
the covariantly conserved tensor pi^: 



Pik — Pki 



iN-2)y\eg--\N'^{hk) 



{hvk - bkVi 



+ ^{b + gq)y'^y"(anikm - CLnkim) 

Bq 

+ {N - 1) + b^){bk){kvk - hvi) 

Bq 

2 

--b^q{bk){biVk - bkVi) - -^q^{hk){biVk - bkVi). 
q JD q rS 

Using here the representations (C.42) and (C.43) specific for the isotropic case yields 

1 1 ^ 

Pik - Pki = ^{N - 2)^qk'^g^{biVk - b^Vi) - -N^b{bk){biVk - bkVi) 



~{qh -b^){{N- l){bk)bbk - (iV - 2)ivk + {bk)vk 



+1 [qbk - b^) { {N - l){bk)bbi -{N- 2)Cvi + {bk)vi 



+ {N - 1) + b''){bk){hVk - bkVi) 

Bq 



B 
or 



Pik - Pki^ ^{N - 2)—qk'^g'^{biVk - hm) - -N—b{bk){biVk - bkVi) 



-f (^-{N - 2)e + {bk)j ikvk - bkVi) - (TV - i)^{bk){biVk - Mi) 
+ (iV - + b'){bk){biVk - buv,) - i^^±^{bk){b,Vk - bkV,) 



+ {N - l)^{bk){b,Vk - bkv,) - l^^±^{bk){b,Vk - bkVi). 



Eventually, we get 



-^{Pik - Pki) = - hVi), 



where 



Tv = -^Ngbibk) - gib + gq){bk) + (iV - 2)^(^9 + ibk))- 
If we now apply the formulas 



, NK I,, b 
l-i 
Q 

we obtain 



Vi = [vi + (6 + gq)bi j — , A = - -^Vi), 



^{biVk - hvi) = -^{biyk - hVi) = '^J^l^^^y'' ~ 
so that ^ 

and we may write (E.l) in the tensorial form 

^{Pik - Pki) = j^^qTriAilk - Akh). 
From (A. 65) we can infer 

Pij Pji — fnj mi ~r ijm ^ jim-i 

so that 



i ■ m m m m ^ i 

A (^Rj jYij Rj jjij -\- R R jira) TV"^"^^^ 
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or 

This formula shows how the coefficient Ty is expressed through the curvature tensor. 
Since {vk)\ — 0, from (E.l) and (E.2) we should conclude that 
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